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Abstract 

We offer a simple non-perturbative formula for the component action of a generic 
N=l/2 supersymmetric chiral model in terms of an arbitrary number of chiral su- 
perfields in four dimensions, which is obtained by the Non- Anti-Commutative (NAC) 
deformation of a generic four- dimensional N=l supersymmetric Non-Linear Sigma- 
Model (NLSM) described by arbitrary Kahler superpotential and scalar superpoten- 
tial. The auxiliary integrations responsible for fuzziness are eliminated in the case 
of a single chiral superfield. The scalar potential in components is derived by elimi- 
nating the auxiliary fields. The NAC-deformation of the CP 1 Kahler NLSM with an 
arbitrary scalar superpotential is calculated as an example. 
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1 Introduction 



There was a lot of recent activity in investigating various aspects of Non-Anti- 
Commutative (NAC) superspace and related deformations of supersymmetric field 
theories (see, e.g., the most recent references [1, 2, 3, 4, 5, 6, 7] directly related to 
our title, and the references therein for the earlier work in the NAC-deformed N=l 
superspace). It is supposed to enhance our understanding of the role of spacetime in 
supersymmetry, while keeping globally supersymmetric field theory under control. 

We work in four-dimensional Euclidean 5 N=l superspace (x^, 9 a ,9 a ), and use the 
standard notation [8]. The NAC deformation is given by 

{e*,o% = c af) , (i.i) 

where C a/S are some constants. The remaining superspace coordinates in the chiral 
basis (y^ = x^ + i9a^6, v — 1, 2, 3, 4 and a, (3, . . . = 1,2) still (anti) commute, 

[<A y *] = {fi, ¥} = {e a , ¥} = [<A e a ] = [<A n = o . (1.2) 

The C a @ 7^ explicitly break the four-dimensional 'Lorentz' invariance at the 
fundamental level. The NAC nature of #'s can be fully taken into account by using 
the Moyal-Weyl-type (star) product of superfields [1] , 

f(0) * g(9) = f(0) exp j 9(d) , (1-3) 

which respects the N=l superspace chirality. The star product (1.3) is polynomial in 
the deformation parameter , 

where we have used the identity 

det C = \e ai e p5 C ap C^ , (1.5) 

and the notation 



d 2 i a ,_d d 



(1.6) 



dd 2 4 d9 a d0P ' 
We also use the following book-keeping notation for 2-component spinors: 

o x = o a Xa , o x = e.r, e 2 = e a e a , e 2 = e.e'. (1.7) 



5 The use of Atiyah-Ward spacetime of the signature (+, +, — , — ) is another possibility [9]. 
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The spinorial indices are raised and lowered by the use of two-dimensional Levi-Civita 
symbols [8]. Grassmann integration amounts to Grassmann differentiation. The anti- 

_ — • 

chiral covariant derivative in the chiral superspace basis is -D. = —d/d9 a . The field 
component expansion of a chiral superfield <£> reads 

<f>(y,9)=<f>(y) + V29 X (y) + 9 2 M(y) . (1.8) 

An anti-chiral superfield $ in the chiral basis is given by 

*{y» - 2i9o»9, 6) = 0(y) + V29 X (y) + 9 2 M{y) 

/ - \ (1-9) 

+ y/29 (ia^xivW ~ iV2a*6d$(y)) + 9 2 9 2 n4>{y) , 

where □ = d^d^. The bars over fields serve to distinguish between the 'left' and 
'right' components that are truly independent in Euclidean spacetime. 

Our major concern in this Letter is a derivation of the NAC deformation of a 
generic four- dimensional N=l supersymmetric action 



J d 4 x J d 2 9d 2 9K + J d 2 9W(<S> i ) + J d 2 9W{&) 



;i.io) 



specified by a Kahler superpotential K(&, <E>) and a scalar superpotential W(&), in 
terms of an arbitrary number n of chiral and anti-chiral superfields, %, j = 1,2, ... ,n. 
This problem in four dimensions was addressed in refs. [4, 7], where the perturbative 
answers (in terms of infinite sums) were found. A similar problem in two dimensions 
was solved perturbatively in ref . [3] , while the non-perturbative summation (in terms 
of finite functions) was done in ref. [6] . In this Letter we give simple non-perturbative 
formulas in four dimensions and offer a simple way of their derivation. Our results pre- 
sumably amount to a full summation of the inifinite sums in refs. [4, 7]. Summing up 
is crucial for further non-perturbative physical applications of the NAC-deformation 
and its geometrical interpretation. We also made progress in eliminating the auxiliary 
integrations and solving the auxiliary field equations, as well as in investigating some 
concrete examples (see below). 

We use the chiral basis, which is most suitable for investigating NAC-deformation, 
and reduce the most non-trivial problem of calculation of the NAC-deformed Kahler 
superpotential to that for the NAC-deformed scalar superpotential. The remarkably 
simple non-trivial results about the NAC-deformed scalar superpotential are already 
available in refs. [5, 6]. In sect. 2 we describe our idea in the undeformed case (it 
is not really new there). In sect. 3 we present the results of our calculation for the 
most general NAC-deformed action (1.10). In sect. 4 we specialize our results to the 
case of a single chiral superfield and the CP 1 (Kahler) superpotential, as the simplest 
non-trivial examples. Sect. 5 is our conclusion. 
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2 Chiral reduction of Kahler superpotential 



Let's use the identity 

J d 4 xd 2 9d 2 9K(<S>,$) = -\ J d A yd 2 9 D 2 K{<$>^)\ = J d 4 y L , (2.1) 

where | denotes the ^-independent part of a superfield, and the constraint D*§ 1 = 0. 
Having performed Grassmann differentiation in D 2 K, we arrive at the spacetime 
(NAC-undeformed) component Lagrangian in the chiral form, 

L = Jd 2 9V {K) (^), (2.2) 

whose effective scalar superpotential V r ^($ / ) is given by 

V (K) = -\K M {${y, 9), + K, P (HV, 0), Kv)Wn + 2 (2-3) 

in terms of the extended set of the chiral superfields & = {$*, &n +2 }- We use 
the notation (valid for any function F(0, 0)) 

Qs+tp 

and the fact that | = (^(y). The additional (composite) n(n+l)/2 chiral superfields 
and n chiral superfields $^ +2 are given by 

*S-iM) = \ (D^)(D«&)\ = ff"-2V2i (9a»x iP ) d^-29 2 d^d^ (2.5a) 

and 

^ n+2 (y, 9) = -\ D 2 <b p \ = M p + V2i(9a^d^) + ■ (2-56) 

Therefore, the NAC deformation of the Kahler superpotential is not an independent 
problem, since it is derivable from the NAC deformation of the effective scalar super- 
potential (2.3) having the extended number of chiral superfields. 

The simple non-perturbative form of an arbitrary NAC-deformed scalar superpo- 
tential V, depending upon a single chiral superfield $ of eq. (1.8), was first calculated 
in ref. [5], 

J d 2 9 = lc + cM) - V{4> - cM)] - [V^ + cM) - - cM)} , 

(2.6) 

where we have introduced the (finite) deformation parameter 



c = V- det C . (2.7) 
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As is clear from eq. (2.6), the NAC- deformation in the single superfield case gives 
rise to the scalar potential split controlled by the auxiliary field M. When using an 
identity 

f( x + a ) _ f ( x _ a ) = a _ J ^ d ^ f( x + £ a ) , (2.8) 
valid for any function /, we can rewrite eq. (2.6) to the equivalent form, 
J d 2 6 K($) = di V{4> + icM) - \x 2 ^ J + " di V{<t> + icM) , (2.9a) 

which is very suitable for an immediate generalization to the case of several chiral 
superfields (cf. ref. [6]), 

/ d 2 eV^) = iM^V^M) - lix^gJ^jV^M) , (2.96) 

where the auxiliary pre-potential V has been introduced [6], 

V(<j>,M) = J + d^V^ 1 + icM I ) . (2.10) 

Therefore, the NAC-deformation of a generic scalar superpotential V results in its 
smearing or fuzziness controlled by the auxiliary fields M 1 [6]. 



3 The NAC-deformed Kahler superpotential 

Our general result in components is just given by eq. (2.9b) after a subsitution of 
eq. (2.3) in terms of the definitions of sect. 2. We find (cf. refs. [3, 4, 6, 7]) 



\m% + \d^d^Z m + \upz* - \(\'\')y.u 



(3.1) 



where we have introduced the (component) smeared Kahler pre-potential 

Z((j>,(j),M) = J d^K^ with K* = K(ft + £cM\ ft) , (3.2a) 

as well as the extra (auxiliary) pre-potential 

Y(ft ft M, M) = M?Z, p - Ux P X")Z, PQ + c j +1 [d^ftd.ftK^ + U ftK% . 

(3.26) 

We verified that eq. (3.1) reduces to the standard (Kahler) N=l supersymmetric non- 
linear sigma-model in the limit c — > 0. Also, in the case of a free (bilinear) Kahler 
potential K = Sq^ 1 ^ , there is no deformation at all. 
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Given, in addition, an independent scalar superpotential W($), as in eq. (1.10), 
the following component terms are to be added to eq. (3.1): 

^potential = \MW j - \{x^W ^ + M P W, p - fe¥)t, M , (3.3) 

where we have used the fact that the anti-chiral scalar superpotential terms are inert 
under the NAC-deformation, and we have introduced the smeared scalar pre-potential 
[6] 

W((j),M)= J dZWift + £cM i ) . (3.4) 

Though our general results of this section are quite explicit and non-perturbative, 
as regards their applications, it is desirable to perform all integrations over £ (thus 
evaluating the smearing effects) and eliminate the auxiliary fields (M, M) by using 
their algebraic equations of motion. It is clear that the ^-integrals can be evalu- 
ated once the Kahler and scalar functions, K and W , are specified. The anti-chiral 
auxiliary fields M p enter the action linearly (as Lagrange multipliers), so that their 
algebraic equations of motion determine the auxiliary fields M % = M*(0, 0), 

$M i Zj P + Wj = . (3.5) 

The bosonic scalar potential in components is thus given by 

V; c ai ar (0,0) = \M*W,i _ , (3.6) 

M=M(4>,4>) 

in agreement with ref. [6]. In the next sect. 4 we study some examples, by restricting 
our general results to the case of a single chiral superfield, and then to the case of the 
CP 1 Kahler potential. 



4 Examples 

It is quite natural to begin with an example of a single chiral superfield, while keeping 
arbitrary both Kahler and scalar functions. In this case all the ^-integrations can 
be easily performed, e.g., by using eq. (2.8) and the related identity obtained by 
differentiating eq. (2.8) with respect to the parameter a, 

f(x + a) + f(x-a) = ^ d£f(x + Sa) + a-^ £\zf(x + £a) . (4.1) 

Of course, one would get the same results by using the chiral reduction of sect. 2 
and the crucial identity (2.6) from the very beginning. We found some cancellations 
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amongst the bosonic terms, with the result 

£ bo sonic = + [K,^ + cM, 0) + K M ((f) - cM, 0)] 

+ \u4> [K,0 + cM, 0) + Kj(<f> - cM, , 



+ ^ [Kj(<f> + cM, 0) - Kjtf - cM, 0)] (42) 
1 - dW 

+ 7T [ W (<t> + cM ) - W (<t> - cM )\ + M ^T ■ 
2c o<p 

The bosonic terms are to be supplemented by the following fermionic terms: 

^fermionic = ~ [K ^ + cM, 0) - X^(0 - cM, 0)] 

(X^X)^0 [Kfr(<i> + cM, 0) - K M {4> ~ <M, 0)] 



2cM 

i 

2cM 
M 

Ac~M 
1 



( X ^d,x) [K-^ + cM, 0) - K-^ - cM, 
X 2 [K M (4> + cM, 0) - K^(<f> - cM, 0)] 



AM 



X 2 dyd^ [K^0 + cM, 0) + K m {4> - cM, 0)] 



(4.3) 



4cM 2 
1 



4M 



X 2 D0 [^(0 + cM, 0) + K M {(j) - cM, 0)] 



+ 4^X 2 D0 fc(0 + cM, 0) - 1^(0 - cM, 0)] 
X 2 [W^(0 + cM) - W^(0 - cM)] - ± X 2 W 



AcM' 

In the case of the CP 1 Kahler potential 

X(0,0) = ln(l + 00) , (4.4) 

the auxiliary field equation (3.5) gives rise to a quadratic equation on M, whose roots 
are given by 



1 ± y/l + (2C0(1 + 00)^') 2 
2C 2 0W' 

where we have used the notation W 7 = dW/dcj) . Taking the anticommutative limit 
c — > implies that we should choose minus in eq. (4.5). The scalar potential is given 
by eq. (3.6), after substituting eqs. (3.4) and (4.5) overthere. 

More examples and applications will be considered elsewhere [10]. 
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5 Conclusion 



A comparison to the NAC-deformed N=2 NLSM in two dimensions [3, 6] is possible 
after dimensional reduction of our results in sects. 3 and 4 by assuming 83 = = 0. 
As was already demonstrated in ref. [6], the infinite series found in ref. [3] can be 
resummed in terms of the 'minimally' deformed Kahler potential and superpotential 
in the sense of eqs. (3.2a) and (3.4), plus some additional 'non-minimal' terms with 
deformed coupling as in eq. (3.2b), in precise agreement with our basic formulae 
(2.6) and (2.9). 6 As regards the infinite series found in refs. [4, 7] in four dimensions, 
those results seem to be very complicated to allow us a direct comparison. An explicit 
resummation is necessary not only (i) for comparison but also (ii) checking the locality 
of the deformed action in spacetime, (iii) verifying the auxiliary fields to be still non- 
propagating, and (iv) ultimately solving the auxiliary field equations. We believe that 
our results in this Letter are useful for all those purposes, because we addressed the 
most general case, formulated our results in a compact and transparent form, and 
offered a clear 'short cut' for their easy derivation. 

As is well known in the theory of NLSM (see e.g., ref. [11]), the so-called quotient 
construction (or gauging isometries of the NLSM target space) can be used to repre- 
sent some NLSM with homogeneous target spaces as the gauge theories. It was used 
in ref. [12] to construct the NAC-deformed supersymmetric NLSM in four dimen- 
sions with the CP n target space, by combining the quotient construction with the 
results of ref. [1] about the NAC-deformed supersymmetric gauge theories. As is clear 
from our results about generic NAC-deformed NLSM in sect. 3, the NAC deforma- 
tion of a Kahler potential is controlled by the auxiliary fields entering the deformed 
Kahler potential in the highly non-linear way. The auxiliary fields are determined by 
their algebraic equations of motion that are also dependent upon a superpotential, 
even when all fermions are ignored. As a result, the NAC deformation of Kahler 
geometry is controlled by a scalar superpotential! It is in drastic contrast with the 
standard supersymmetric (Kahler) NLSM in undeformed superspace, whose target 
space geometry is unaffected by a scalar superpotential. In the absence of a scalar 
superpotential, W = W = 0, we found that the NAC deformation c ^ does not 
affect the supersymmetric CP 1 NLSM action at all, in agreement with ref. [12]. 

A detailed analysis of the actions (3.1), (4.2) and (4.3), including the deformed 
supersymmetric CP n NLSM, will be given elsewhere [10]. 

6 The split (2.6) of a NAC-deformed superpotential in the case of a single chiral superfield was 
found in ref. [5]. The smearing (2.9) and (2.10) of NAC-deformed Kahler potential and superpotential 
in the case of several chiral superfields was found in ref. [6] . 
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